AREA
THEORY

In order to find the area bounded by several curves, sometimes it is necessary to have an idea of the rough

sketches ofthese curves. To find the approximate shape ofa curve represented by the cartesian equation,
the following steps are very useful.

If curve remains unaltered on replacing x by —x, then it is symmetrical about y-axis.
If curve remains unaltered on replacing y by— y, then it is symmetrical about x-axis.

To find points of intersection of the curve with x-axis, replace y = 0 in the equation of the
curve and get corresponding values ofx.
To find points of intersection of the curve with y-axis, replace x = 0 in the equation of the
curve and get corresponding values of.

Find those values ofx for which corresponding values of y do not exist.
Find intervals where f(x) is positive.

Observe where y approaches as x approaches + « .
Ifnecessary, observe where x approaches as y approaches + o .

OCc

Put /”(x) = 0 and find points oflocal maximum and minimum.

Iff(x)>0forall x ¢ [a, b], then Area bounded by the 1
curve y = f'(x), X-axis and the linesx=aandx=bis
given by

b

A= [0
a 0 >X
The th le Qf: the rcurxrfe in the internal [a, /] lies above X-axis. =
A
a

Iff(x) <0 forallx e [a, b], then Area bounded by a curve 0 // ~X

b
v =f(x). X-axis and the lines x = a and x = b is given by : : 4

Area =

b
[ £(x)dx




Fory=0,wegetx’+5x+6=0

= %=2,3

Hence the curve crosses X-axis atx =2, 3 inthe
interval [1, 4].

2
Bounded Area= J ydx +
1

’;

Iydx
2
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Ifthe curve crosses X-axis one or more times in [a, 5],
then the area bounded by the curve y = f(x), X-axis q
and the lines x =a and x = b is calculated by consider- ’L y="1(x)
ing the portions of the graph lying above X-axis and :'//\ N /////\ ,
below X-axis separately. To calculate the area of the a /\(1// xz /xxg 4 ib X
regions lying above X-axis, use result-1 and for the : { // \% P
regions lying below X-axis, use result-2. ' A i
In the figure, the curve crosses X-axisatx =x, x , x,.
Shaded area is given as follows :
X1 ) X3 b
A= [ fyde+| [ fyde|+ [ f)de+| [ fx)dx
a X1 2 %) X3
Area bounded by two curves, y=f(x) and y = g (x), from above and below is given by :
b
shaded area = j[f(x) —g(x)] dx
a
¥ Y
yot | ;
i y : g &; i O é ‘]\ 7 ‘b :X
o ——x N
y=gX
e : The area is bounded from above by y =/ (x) and from below by y = g (x).
The shaded area may be above or below X-axis.
¢ e . ‘_ 4
ration & The area bounded by the curve y = x*— 5x + 6, X-axis and the lines x =1 and 4 is :
= LY e N o
6 6 O) 6 one of these

4
+.[ydx
3
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2 3
= A:J(x2—5x+6)dx+ J(x2—5x+6)dx iy 391 '
1 > —A=—+ “olTe T g S9-units
4
+'[ (x2 —5x+6) dx
3
26 The area bounded by the curve : y = /4 —x, X-axis and Y-axis.
8 16 | 34 ;
3 3 (C 3 (D None of these
Trace the curx.fey - v 4-x- Using step 1 to 3, we can draw the rough sketch of
Put y =0 in the given curve to get x =4 as the S e
point of intersecton with X-axis. Y 4-x.
Put x = 0 in the given curve to get y =2 as the In figure,
point of intersection with Y-axis. Bounded area =
4 4
For the curve, y= J4-x,4—x>0 —— -2 — 16
=" x<4 .([ 4_de_‘?(4_x) 4-x 0_? Sq. units.

= curve lies only to the left of x =4 line.
As any y is positive, curve is above X-axis.

N
/
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WESEULITE 2 The area bounded by the curves y = x* and x> + y* = 2 above X-axis is :

(A) 6 4 (B) 3 2 © 4 6 (D) 3 2
SOLUTION : (D)
Let us first find the points of intersection of curves. 1 1
Solving y = x? and x> + y? = 2 simultaneously, - J' N2 —x2 dy A0 I 2 dx
Weget: 0 0
xXX+xt=2 )
= (-1 @+2)=0 =2 Xy2- 52 +z sin~! = —2(1j
= x*=1 and x2=-2 [reject] 2 2 V21, 3
=+
S 17} 2 1 = '
= A4=(-1,0) ad B=(L1) =2 o B =3+7 sq. units.
+1
Shaded Area = I(\/2—x2 —xz)dx YA
-1
+1 +1 A; :B
:jv2x—x2dx—jx2dx i |
-1 -1 -1 0 - X
B\ WY The area bounded by y = x> ~4andx +y =2 is :
N " o =2 a2
SOLUTION : (C)
After drawing the figure, let us find the points of in- 212 3 2
tersection of o X | [ _ay
y=x*—-4 and x+y=2. 2 _3 3 _3
= x+tx'-4=2 = X*+x-6=0 i i 155
= (x+3)(x-2)=0 =2x5-—(4-9)— (8 +27) +4(5) ===
= x=-3,2 v
A=(3,5 d B=(2,0 Y= A
= (=3, )2 an (2,0) 255 A (35)
Shaded area, = [(2—x)—(x2 —4)} dx /
I [T -

-3 0 B >
2 2 \% —x2_4
= [ @-xyde- [ (x> ~4)dx yUE T

-3 -3
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WEBIEVTIISTEY The area bounded by the circle x* + v = a is -

7Ta2 7Z'a2

(A) — (B) — © 742 D) 2742

SOLUTION : (C)
xX*+y'=a’ = Y=+ 4/g2 _ 2
Equation of semicircle above X-axisisy =+ /42 _ 2
Area of circle =4 (shaded area)

a
:4J. a2—x2 dx
0

=4

2
X a -1 X
E\/ 2—X2 +7s1n 12

a

4.3 Important Results (Contd.....) Y
5. Iff(y) > Oforally e [a, b], then the Area bounded by a curve
x=f(y), Y-axis and the lines y = a and y = b is given by

b
Area= [ f(y)dy

a

Note :  The whole ofthe curve in the interval [a, 5] lies on right of Y-axis.

6. Iff(y)<Oforally e [a, b], then the Area bounded by a curve A
x=f(y), Y-axis and the lines y = a and y = b is given by

b
Area= _[f(y) dy

a

Note : The whole ofthe curve in the interval [a, b] lies on left of Y-axis.
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Ifthe curve crosses Y-axis one or more times in [a, 5], then the
area bounded by the curve x = f(y), Y-axis and the lines y = a and
y=bis calculated by considering the portions of'the graph lying on
the right side and the left side ofthe Y-axis separately. To calculate
the area ofthe regions lying onright-hand side ofthe Y-axis, use result-5
and for the regions lying on left-hand side, use result - 6.

In the figure, the curve crosses Y-axisaty=y,.

Y1 b
Shaded area is given as follows : 4= ,[ f)dy |+ J S dy
2 N

Y

A

"

X= f(y)

Area bounded by two curves, x =£(y) and x =g (), from right and left respectively, is given by :

b
Shaded area = J[f(y) —g(]dy

The area is bounded from right by x =f(y) and fromleft by x=g (y);
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If'the equations ofthe curves are expressed in parametric form, then the area bounded can not be found by
direct application of the result 1 to 8.
Let the two curves in parametric form are

x=f(1) (i) and y=g(7)

To find the bounded area by curves, try to eliminate parameter 7 in equations (1) and (i1) to express ) in terms ofx
(or x interms of y). Ifit is possible to eliminate 7, then the required area can be obtained byusing the results 1 to
8.

Ifit is not possible to eliminate 7, then the required area can be obtained by using the following formula :

b b 1)
Area = Jy = Jy% dt = J g(t)f'(t)dt wheret and 1z, are given by f(¢)=aand f (1) =b.
a a 1

' The area bounded by the curves x* +)? =4a’ and y’ =3 axis :
[ 1 +4nja2 ( 1 +2nja2 (1 +2nja2 [ 1 +4nja2
S i & — o .
NEE 23 3 QD" 23 3

The pointé of intersection 4 & B can be calculated. N

3a
by solving x* + y* = 4a> and )* = 3ax. 5 2 4d® . _ 3
y solving x* + y* = 4a* and y* = 3ax w14 4a2—y2+4a sin—l 2 2y
2\2 2 2 2a g 3al 3 |
- Y +y2 = 447
3a D rm 2 3
=v3a” +4a 5—9—3\/§a‘
= y4+9a2y2—36a4:0 .
(1 4m) 2
= (7 -3a%) (57 +12a%) = 0 B3 )
= y*=3a? or y*=—12a" (reject)
= y*=3a =  y=%+3a o :
\ _ h =2 x X-
The equation ol s shaded area (area above X-axis)
2 2
> - : 3
X+ =4d’isx = \|4q” - ? x-coordmateofA:);—:%:a
a a
Ja 2 The given curves area
Shaded area = ,[ V4a2 -y - dy : [, 2 2
N 3a Yy=*3ax and y=++v4a"—x

The above the X-axis, the equations of the parabola

2 2
=2 J Jaa? _y2 _;j_a] dy and the circle are /34 and y _\44?% _ 2 re-

spectively.
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— Shaded area

/ 2
=12 T@dx+ Ia\/4a2—x2 dx] x=y*/3a

0 a A
7 N,
Solve it yourselfto get the answer. By /
B

WIRTEVTIISEY The area bounded by the curves : 2= 4a (x + a) and y* = 4b (b — x) Is :

2 4 8
(A) B (a+b)4ab (B) 5 (a+b)Vdab (C) §(a +b)J4ab (D)  None of these
SOLUTION : (B)
The two 2(:1_11‘Ves arir : . Jadb 2 2
y=4aiE+a) SRLL) —  A=2(a+bW4ab - j dy
and )*=4b(b—x) ... (ii) b 2
Soving  )*=4a (x +a) and y*=4b (b —x) [usmg property - 8]
simultaneously,
we get the coordinates of 4 and B. —A=2(a+b) J4da _1{4% V4ab + 4ab~4ab }
Replacing values of x from (i1) and (1), we get : 2 3b 3a
2 4
V2 =4a|b-L+a — A=—(a+b)4ab
4h 3
H

= y=++4ab andx=b—a. ¥ =4b (b—x) 2 =da x +2)
= A=(b—a,J4ab) and B=(h—a,—J4ab) A

\4ab y2 yz %
shaded area = J. [b_EJ_iz_aJ dy =770 o X

—/4ab %4

/
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m The area bounded by the hyperbola : x* —y* = a’ and the line x = 2a is :

(A) Ba? —azlog(2+\/§) (B)

(®) \/§a2 —a? log(2—\/§) (D)

SOLUTION : (B)
Shaded area =2 x (Area of the portion above
X- axis)
The equation ofthe curve above x-axis is :

y= [[2_ 2
2a
= required area (4) = 2 J Vx? —a? dx
a

2a

= A=2 x+\/x2—a2

2
%\/x2 —a® _a? log

a

= A=23a"—a’ log‘(2a+\/£)’+azloga

= A=23a-a?log (2+3).

2\/§a2—a210g(2+\/§)
2\/§a2—a210g(2—\/§)

Y

P
<

-a O a 2a X
/ <
Alternative Method :
Area (A) = yfl (2a—\/a2 +y2 )dy

VB
NEY

L A= Ja (2a—\/a2+y2)dy
{3

Solve it yourselfto confirm.

m The area bounded by the curves : x> + y* =25, 4y = | 4 —x?| and x = 0 in the first quadrant

is:

25 . 14 2+§Sin_1 i
(A) 2+ 2 sin (5} (B) 4 s

c) 1 +ésin_1 (ij
i 2 5
SOLUTION : (A)
First of all find the coordinates of points of intersec
-tion 4 by solving the equations oftwo given
curves :
= x*+)*=25 and

252
16

dy= [4-2

= (x*—4)*+ 16x? = 400.
= (x*+4)*=400 =

=
)
Il

—

(@)

== ésin_1 4
(D) 4 5

4-2%)
4
= Coordinates of point are 4 = (4, 3)

T f 7 |4-x7
Shaded area='[ 25—x —T dx
0

=3

> x=+4 = y=

4 4
= A:J\/25—x2dx—i_[|4—x2|dx ... (i)
0 0
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1 2
Let[:—‘4—x ‘dx 4
4 = A= f\/25—3c2+2sin_li -4
5 4 2 2 510
1 2 2
= [:ZJ(4_X ) dx + J(x —4) dx 25 4 25 4
0 2 :>A:6+—sin_l——4:2+73in_lg

~

I
e
7N\
oo

|
w | 0
N——
|
S
VR

N
w| &R
|
N——
>~

= I1=4
On substituting the value of/in (1), we get :
4 ,/\ /
A=[N25-x" dx—4 " S

w |

=Y The area enclosed by the loop in the curve : 4y° = 4x* — X° is :

32 64 o 128 ( 256
The given curve is : 4)*=4x*—x° dy _ 0 N =0 8
To draw the rough sketch ofthe given curve, con- dx '3
sider the following steps : Atx =0, derivative is not defined.
1) Onreplacing y by —y, there is no change in func- 42
tion. It means the graph is symmetric about Y- By checking for ﬁ, = 3 is a point of local
axis.

maximum (above X-axis).

i) Forx=4,y=0and forx=0,y=0.
From graph,

(11) In the given curve, LHS is positive for all values

of. Shaded area (4) =2 x (area of portion above X-
— RHS20 =  x(I-x/4)>0 axis)
= x <4. 4 ¥ 4
Hence the curve lies to the left of x=4. = A= 2J 5 V4—x dx = JXV4—X dx
0 0

V)ASX > — o0,y > E®
(v) Points of maximum/minimum :

8yd—y:8x—3x2
dx

4
N A:j(4—x),/4—(4—x) dx
0
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Y
A 4
= A=[(4=x)x dx
0
4 4
7 X :>A:4‘z)m/; —‘gxzx/;
0 3 o I3 0
128
A== ;
= 15 Sq. units.

m The area bounded by the parabola y = x°, X-axis and the tangent to the parabola at (1, 1)
s

oL L1 oL @
SOLUTION : (D)
The given curve is y=x?. Equation oftangent at 4 =(1, 1) is :
dy
y-1= EL—I - (=) [using : y —y, =m (x—x)]
= y-1=2(x-1) = y=2x-1 ... (i)
The pomnt ofintersection of (1) with X-axis is B=(1/2, 0).
Shaded area = area (OACO) —area (ABC) I
1 1
— area= '[xzdx— J @x-0)dx
0 1/2 A, D
1 1 >X
——|1-——(1-1/2 of /BC
— area 3[ 4 ( )}
1

= area = E
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The area between the curves y = 2x* — x?, the x-axis and the ordinates of two minima of

the curve is :
7 ‘ 7 7 b "
240 120 60 | bneofineg

Using the curve tracing steps , draw the rough sketch ofthe functions y = 2x* — x2.
Following are the properties of the curve which can be used to draw its rough sketch.
The curve is symmetrical about y-axis.

1

Point of intersection with x-axis are x=0,x ==+ R Only point of intersection with y-axis is y = 0.

1 1
For x e (—OO, — —j U (—, OOj, y >0 1e. curve lies above x axis and in the other intervals it lies
V2 V2
below x-axis.

d
Put d_i =0 to get x == 1/2 as the points of local minimum.

On plotting the above information on graph, we get the rough sketch ofthe graph. The shaded area inthe

graph is the required area
1/2 Y
Required Area= 2 _[ (2)(4 —x? )dx
0
1/2
Y| 25 8 I
53, | 120 X




